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We investigate the lower bound of the amount of entanglement for faithfully teleporting a quantum
state belonging to a subset of the whole Hilbert space. Moreover, when the quantum state belongs to
a set composed of two states, a probabilistic teleportation scheme is presented using a non-maximally
entangled state as the quantum channel. We also calculate the average transmission efficiency of
this scheme.
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I. INTRODUCTION
Quantum entanglement is one of the most striking fea-
tures of quantum mechanics and has been widely used as
an essential resource in the quantum information process-
ing. Some physical incidents such as quantum teleporta-
tion [1], quantum key distribution [2], quantum compu-
tation [3, 4, 5] and quantum secure direct communication
[6, 7, 8, 9, 10] are all use it essentially. Since quantum
entanglement is the essential resource, we always expect
to use less entanglement when completing a task, or to
complete more tasks using certain amount of entangle-
ment. The two-body entanglement E is defined as the
Von Neumann entropy of either of the two subsystems A
and B:
E(|Ψ〉) = −Tr(ρAlog2ρA) = −Tr(ρBlog2ρB), (1)
where ρA is the partial trace of |Ψ〉〈Ψ| over subsystem B,
and ρB has a similar meaning. In present paper, we will
use it to denote the amount of entanglement.
Since an arbitrary pure state of two-body has the form
of Schmidt decomposition:
|Ψ〉 =
n∑
i=1
√
pi|i〉|i〉, (2)
where n is the Schmidt number and pi is the Schmidt co-
efficient (we have included in the sum only the non-zero
pi’s). Thus it follows easily that E = −
∑
i pilog2pi. Par-
ticularly, E = log
2
d when |Ψ〉 is the maximally entangled
state, where d is the dimension of Hilbert space.
Quantum teleportation is one of the most important
applications of quantum entanglement. In quantum
teleportation process, an unknown quantum state can
be transmitted from a sender (called Alice) to a re-
ceiver (Bob) without transmission of carrier of quan-
tum state. Since Bennett et al [1] presented a quan-
tum teleportation scheme, there have been great develop-
ment in theoretical and experimental studies. Now quan-
tum teleportation has been generalized to many cases
such as continuous variable quantum teleportation [11],
probabilistic teleportation [12, 13, 14, 15, 16, 17], con-
trolled quantum teleportation [18, 19, 20] and so on
[21, 22, 23, 24, 25, 26, 27, 28]. Moreover, quantum tele-
portation has been demonstrated with the polarization
photon [29] and a single coherent mode of fields [30] in
the experiments. The teleportation of a coherent state
corresponding to continuous variable system was also re-
alized in the laboratory [31].
In the Bennett’s protocol [1], the quantum state to
be teleported belongs to the whole Hilbert state vector
space. A quantum state of d-state particle (or qudit)
can be faithfully teleported using a pair of d-state par-
ticle in a maximally entangled state, in which, entangle-
ment E = log
2
d is used. Nielsen pointed out that it is
minimal entanglement for faithfully teleporting an arbi-
trary d dimensional quantum state [32]. When knowing
the quantum state in the subspace, we can complete the
quantum teleportation using less entanglement. For in-
stance, Gorbachev and Trubilko [33] considered the quan-
tum teleportation of two-particle entangled state by a
three-particle GHZ state. The entanglement required is
E = log
2
2 = 1 instead of the log
2
4 = 2 entanglement
for teleporting a general two-qubit state. Yan and Yang
discussed the economical teleportation of multiparticle
quantum state [34].
In this paper, we will study how many entanglement
must be used at least when the quantum state belongs to
a subset of the whole Hilbert space. The lower bound of
entanglement for completing faithful teleportation in this
case is calculated. Moreover, when we know the quan-
tum state is coming from a two-state set, a probabilistic
teleportation scheme is presented using a non-maximally
entangled state as the quantum channel. The transmis-
sion efficiency of this scheme is calculated also.
II. THE LOWER BOUND FOR TELEPORTING
A QUANTUM STATE IN A SUBSET OF THE
WHOLE HILBERT SPACE
Suppose the quantum state to be teleported belongs
to a set S = {|φi〉, i = 1, 2, · · · }, which is a subset of
the d dimensional Hilbert space either finite or infinite.
In the following, we will investigate the lower bound of
entanglement when teleporting a quantum state from S.
2Case 1: The set S is an orthogonal set, i.e. the arbi-
trary two quantum states in S = {|φi〉, i = 1, 2, · · · } are
orthogonal.
Apparently, S must be the finite set in this case.
Let the number of quantum states be n. Alice can
know exactly what state she has by measuring the
quantum state to be teleported in the orthogonal basis
{|φ1〉, |φ2〉, · · · , |φn〉}. Then she simply sends Bob clas-
sical information saying which state it is, and Bob may
prepare it himself, i.e. in this process Alice and Bob do
not need any entanglement for teleporting the state, thus
E = 0.
Case 2: The set S is a non-orthogonal set, i.e. at
least a pair states in the set S = {|φi〉, i = 1, 2, · · · } are
non-orthogonal.
Evidently, we can search for a maximum
linear independent subset of S denoted by
S′ = {|φi1〉, |φi2 〉, · · · , |φim〉}, other states in S
may be expressed as the linear combination of
|φi1 〉, |φi2〉, · · · , |φim〉. Suppose that we can tele-
port an arbitrary quantum state in S via the quantum
channel |ψ〉23. So the state in {|φi1〉, |φi2 〉, · · · , |φim 〉}
can be teleported of course.
In the following we will prove inverse conclusion: If
one can teleport an arbitrary quantum state in S′ via
the quantum channel |ψ〉23, then one can teleport an ar-
bitrary quantum state in S.
Considering a general process of teleportation, let
quantum channel |ψ〉23 can teleport quantum state |φ〉1.
Then the state of the whole system composed of the state
of the particle to be teleported and quantum channel is
written as
|Ψ〉123 = |φ〉1|ψ〉23. (3)
By the hypothesis that quantum channel |ψ〉23 can tele-
port quantum state |φ〉, there must exist a decomposi-
tion,
|Ψ〉123 = |φ〉1|ψ〉23 =
∑
k
|k〉12U−1k |φ〉3, (4)
where {|k〉, k = 1, 2, · · · , r} is an orthogonal basis of
particles 1 and 2. When Alice performs a joint pro-
jective measurement on particles 1 and 2 in the basis
{|k〉, k = 1, 2, · · · , r}, particle 3 will collapse into the
state U−1k |φ〉3. Then Alice sends the measurement out-
come to Bob via a classical channel. After receiving Al-
ice’s message, Bob performs a unitary operation Uk on
his particle 3 according to Alice’s measurement outcome.
The quantum state of particle 3 will be transformed into
|φ〉 which Alice wants to teleport, thus teleportation is
achieved. Note that Alice does not know what state to be
teleportated before teleportation, so the unitary transfor-
mation U−1k and Uk must be independent of |φ〉. Since
the every state in {|φi1〉, |φi2〉, · · · , |φim〉} can be tele-
ported using the above quantum channel, so
|φi1〉1|ψ〉23 =
∑
k |k〉12U−1k |φi1〉3,
|φi2〉1|ψ〉23 =
∑
k |k〉12U−1k |φi2〉3,· · · · · · · · ·
|φim〉1|ψ〉23 =
∑
k |k〉12U−1k |φim 〉3.
(5)
Therefore,
∑
im
cim |φim〉1|ψ〉23 =
∑
k
|k〉12U−1k
∑
im
cim |φim〉3, (6)
where cim is an arbitrary complex. Eq.(6) shows that the
arbitrary linear combination of {|φi1〉, |φi2〉, · · · , |φim〉}
can be teleported by the entangled channel |ψ〉23, in other
words, we may teleport an arbitrary quantum state in the
linear space by states in S and vice versa.
That is, the entanglement is the same when we tele-
port either an arbitrary quantum state in S or a one in
m-dimensional linear space by the states in S. Accord-
ing to Nielsen’s theorem, the minimum entanglement in
this case is E = log
2
m, where m is the number of quan-
tum state of maximum linear independent subset of S.
Evidently, m ≤ d, the amount of entanglement is less
than that for teleporting a quantum state from the whole
Hilbert space.
From the above discussions, we have drawn two con-
clusions:
1. If the quantum states in S is orthogonal, we need
not any entanglement for teleportation, but as long as we
plus a state into S, which is at least non-orthogonal with
one in S, then the cost of entanglement becomes log
2
m
suddenly.
2. In spite of knowing more knowledge about the quan-
tum state to be teleported, for example, we know it is one
of the two states, if the two states are non-orthogonal, we
can not complete the teleportation with less than the full
unit of entanglement.
III. A PROBABILISTIC TELEPORTATION
SCHEME
In the above section, we show that if we know the
state belongs to a subset of the whole Hilbert space, we
can complete the faithful teleportation with less entan-
glement than that of teleporting a quantum state of the
whole Hilbert space.
In the other hand, for given entanglement, is it possible
to teleport more quantum states when we know the state
is in a subset of the whole Hilbert space? When the
quantum channel is a non-maximally entangled state, the
answer is positive. In the following, we will present a
probabilistic teleportation scheme for the case where the
quantum state to be teleported is from a two-state set.
The transmission efficiency of this scheme is calculated.
Let us denote the quantum channel by
|ψ〉23 = x|00〉23 + y|11〉23, (7)
3where x, y are real and satisfy |x| < |y|. The quantum
state to be teleported is in {|φ1〉, |φ2〉} (〈φ1|φ2〉 = Aeiθ).
In order to realize the teleportation, Alice introduces an
auxiliary qubit a with the original state |0〉a. So the
initial state of particle 1,2,3 and a is
|Ψ〉1a23 = |ψ〉1|0〉a(x|00〉23 + y|11〉23), (8)
where |ψ〉1 ∈ {|φ1〉, |φ2〉}. Alice performs a unitary trans-
formation
Ua2 =


1 0 0 0
0 x/y 0
√
1− x2/y2
0 0 1 0
0
√
1− x2/y2 0 −x/y

 , (9)
on particles a and 2. Correspondingly |Ψ〉1a23 becomes
I1 ⊗ Ua2 ⊗ I3|Ψ〉1a23
=
√
2x|ψ〉1|0〉a 1√
2
(|00〉23 + |11〉23)
+
√
1− 2x2|ψ〉1|1〉a|11〉23. (10)
Then Alice measures the auxiliary particle a. If the result
is |0〉a, the state of particle 2 and 3 is the maximally
entangled state, thus, Alice can teleport |ψ〉1 successfully
by the standard teleportation procedure, and the success
probability is 2x2. When the result |1〉a occurs, Alice
makes a POVM containing three elements,
E1 ≡ 1
1 + |〈φ1|φ2〉| |φ
⊥
1
〉〈φ⊥
1
|, (11)
E2 ≡ 1
1 + |〈φ1|φ2〉| |φ
⊥
2
〉〈φ⊥
2
|, (12)
E3 ≡ I − E1 − E2, (13)
on the unknown quantum state. Here |φ⊥
1
〉 and |φ⊥
2
〉
are chosen by the relation 〈φ1|φ⊥1 〉 = 0 and 〈φ2|φ⊥2 〉 =
0 respectively. It is straightforward to verify that the
above operators are positive operators which satisfy the
completeness relation
∑
mEm = I, and therefore form a
legitimate POVM.
After Alice performs the measurement described by the
POVM {E1, E2, E3}, if the result of her measurement is
E1, then Alice can safely conclude that the state must
be |φ2〉, because there is zero probability that the state
is |φ1〉, since E1 has been cleverly chosen to ensure that
〈φ1|E1|φ1〉 = 0. A similar line of reasoning shows that if
the measurement outcome E2 occurs then the state must
be φ1. However, some of the time, Alice will obtain the
measurement outcomes E3, and Alice can infer nothing
about the identity of the state. The key point, however,
is that Alice never makes a mistake identifying the state.
This infallibility comes at the price that sometimes Alice
obtains no information about the identity of the state.
Evidently, if the measurement outcome E1 (or E2) oc-
curs, Alice simply sends Bob classical information saying
which state it is, and Bob may prepare it himself. If the
measurement result is E3, the teleportation fails.
It is easy to calculate that the probability to success-
fully distinguish the quantum state |φ1〉 and |φ2〉 is
p = 1− |〈φ1|φ2〉|. (14)
Synthesizing all cases, the probability of successful
teleportation in this scheme is
psuc = 2x
2 + (1 − |〈φ1|φ2〉|)(1− 2x2). (15)
i.e. the average number of the quantum states to be
teleported via each partially entangled channel is
Itran = 2x
2 + (1− |〈φ1|φ2〉|)(1 − 2x2). (16)
When x = 1/
√
2, the partially entangled channel be-
comes the maximally one, whatever |〈φ1|φ2〉| it is, psuc =
1. If 〈φ1|φ2〉 = 0, the two states are orthogonal, whatever
x it is, psuc = 1. These two cases correspond two special
limitations.
IV. CONCLUSION
In conclusion, we have found the lower bound of the
amount of quantum entanglement required for faithfully
teleporting a quantum state in a subset of the whole
Hilbert space. Moreover, when the quantum state be-
longs to a two-state set, a probabilistic teleportation
scheme is presented using a non-maximally entangled
state as the quantum channel. The average transmission
efficiency of this scheme is obtained also.
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